In this paper, ultrasonic properties like ultrasonic attenuation, sound velocities, acoustic coupling constants and thermal relaxation time have been studied in hexagonal structured metals Gadolinium (Gd), Terbium (Tb), Dysprosium (Dy), Holmium (Ho), Erbium (Er) and Thulium (Tm) along unique axis at room temperature. For the evaluations of ultrasonic properties, second-and third-order elastic constants have been computed also. The peculiar behavior of these metals is found at 55° due their least thermal relaxation time and highest Debye average velocity. Dy is more ductile, stable, perfect metal in comparison to other chosen metals due to its lowest value of attenuation. So we predict that Dy is most suitable lanthanide metals for material science and engineering.
INTRODUCTION
Ultrasonic nondestructive testing is a resourceful technique that can be applied for investigation of several materials. This is useful for characterization of microstructures, appraisal of defects, and evaluation of objects properties. By virtue of this, ultrasonic measurements during fabrication and heat treatment allow ensuring the absence of unacceptable discontinuities and the presence of a particular microstructure with preferred properties. The interaction of ultrasound with microstructure is important for many material problems. Attenuation and backscattering reduce the delectability of flaws, specially in materials with coarse grains or complex microstructures such as platinum alloys. Further, quantification of these wave propagation properties provide information about the microstructure that can be used in materials description studies, e.g. nondestructive determination of grain size. Acoustic coupling constant (Non-linearity parameter) plays vital role for conversion of acoustical energy into thermal energy via phonon-phonon interaction in materials science. This property of material is very interested for material scientists since last decade. Wave propagation velocity is another key factor in ultrasonic characterization, which in combination with attenuation can provide important tools in understanding, the inspectability of materials; for example, it can provide information about crystallographic texture. Ultrasonic velocity is directly related to elastic constants i.e. V= (C/ ), where C is the elastic constant and , the density of that particular material. The elastic constants, in particular, provide valuable information on the stability and stiffness of materials [1] [2] [3] [4] . Grüneisen parameter is direct *Address correspondence to this author at the Department of Applied Physics, AMITY School of Engineering and Technology, Bijwasan, New Delhi-110 061, India; E-mail: pkyadawa@aset.amity.edu consequence of second and third order elastic constants as given in Appendix.
The important source of the lanthanides is monazite. Like most metals, the lanthanides have a bright silvery appearance. The lanthanides form alloys (mixtures) with many other metals, and these alloys exhibit a wide range of physical properties. The lanthanides react slowly with cold water and more rapidly with hot water to form hydrogen gas, while burn readily in air to form oxides. They also form compounds with many nonmetals, such as hydrogen, fluorine, phosphorous, sulfur, and chlorine. Gadolinium is a soft silvery-white metal that is used as an alloying agent in some steels and in the manufacture of some electronic components [5] . The lanthanides are used as catalyst to speed up chemical reactions, refining agent for the conversion of crude oil into gasoline, kerosene and diesel. These are also used as phosphors in color television sets. Other lanthanide compounds are used in streetlights, searchlights, and in the high-intensity lighting present in sports stadiums. The behavior of the elastic moduli in the vicinity of a second-order phase transition was described elsewhere. Landau et al. showed that the ultrasonic attenuation should display a maximum at the low temperature side of the transition point [6] .
In the present investigation, the ultrasonic properties like attenuation, sound velocities, acoustic coupling constants & thermal relaxation time and higher order elastic constants of Gd, Tb, Dy, Ho, Er and Tm metals at room temperature have been investigated for their characterization at 300K using modified Mason's approach. With the knowledge of the authors, no study has been made for h.c.p. structured metals using simultaneously both elastic constants and attenuation theories. The obtained results are discussed in correlation with known physical properties.
THEORY

Higher Order Elastic Constants
The second (C IJ ) and third (C IJK ) order elastic constants of material are defined by following expressions. 
where
/{6 a 2 (m + n + 6)} ; m, n=integer quantity; b 0 =Lennard Jones parameter. p=c/a: axial ratio; c is the height of the unit cell and a be the basal plane distance.
Ultrasonic Velocity
The anisotropic behavior of the material can be understood with the knowledge of ultrasonic velocity because the velocity is related to the second order elastic constants [7] . On the basis of mode of atomic vibration, there are three types of velocities (longitudinal, quasi shear and shear) in acoustical region [8] . These velocities vary with the direction of propagation of wave from the unique axis of hexagonal structured crystal [9] . The ultrasonic velocities as a function of angle between direction of propagation and unique axis for hexagonal structured materials are [10] : 
where V L , V S1 and V S2 are longitudinal, quasi shear and pure shear wave ultrasonic velocities. Variables and represent the density of the material and angle with the unique axis of the crystal respectively. The Debye temperature (T D ) is an important physical parameter for the characterization of materials, which is well related to the Debye average velocity (V D ).
here
where is quantum of action and is equal to Planck's constant divided by 2 ; k B is Boltzmann Constant; n a is atom concentration.
When the ultrasonic wave propagates through crystalline material, the equilibrium of phonon distribution is disturbed. The time for re-establishment of equilibrium of the thermal phonon distribution is called thermal relaxation time ( ). In the process of re-establishment, thermal energy is interchanged among various modes. Hence the rate, at which interchange of thermal energy to diverse modes, is called as thermal relaxation time. and is correlated with the Debye average velocity.
here K and C V are the thermal conductivity and specific heat per unit volume of the material respectively.
The net attenuation rate is governed by the rate at which energy is removed by the transverse waves to the highfrequency thermal waves. Since half of the built-up low frequency phonons are shear and half longitudinal. Only shear phonons can convert their energy to high-frequency thermal waves, thus the relaxation time for longitudinal waves ( L ) is twice the thermal relaxation time ( th ), and relaxation time for shear waves ( S ) is equal to thermal relaxation time i.e. S = L / 2 [4] .
The above formulae have been used for the evaluation of ultrasonic velocity and related parameters for the selected materials.
Acoustic Coupling Constant
The Akhieser effect is an energy dissipation effect taking place under a uniform time dependent stress. The propagation of an ultrasonic wave produces a stress in crystalline material, which results strain. An incremental change in temperature is caused by alternating strain. This increment in temperature disturbs the equilibrium of phonon distribution, which is equalized to the equilibrium through relaxation by means of phonon-phonon collision causing attenuation of wave. Under consideration of anisotropic behavior of crystalline material (non-linear higher order elastic constant), there is a change in elastic moduli ( C ) caused by separation of phonon modes from equilibrium due to increment in temperature affected with the propagation of wave (time dependent stress) [4] .
here E 0 , C V and T are the thermal energy density, specific heat per unit volume and required temperature respectively.
I
J is known as Grüneisen number; where I and J denote the mode of vibration and direction of propagation respectively. The ratio of 3 C and E 0 is called as non-linearity parameter or acoustic coupling constants (D), which directly measures the amount of ultrasonic energy converted into thermal energy by the process of relaxation. The acoustic coupling constants would be expressed as:
This physical parameter is a dominating factor for ultrasonic attenuation in hexagonal structured materials [11] . The Grüneisen number ( I J ) is direct consequence of higher order elastic constants, which depends mode of vibration and direction of propagation. The expressions of Grüneisen number for the wave propagation along the unique axis of hexagonal structured materials are listed in Appendix.
Akhieser damping is directly related to acoustic coupling constant, higher order elastic constants, density and thermal relaxation time. The ultrasonic attenuation caused by the Akhieser damping {(A/f 2 ) Akh } can be calculated using formulae given in our previous paper [9] .
RESULTS
The unit cell parameters 'a' and 'p' for Gd, Tb, Dy, Ho, Er and Tm are 3.63Å, 3.60Å, 3.59Å, 3.58 Å, 3.56Å, 3.54Å and 1.592, 1.583, 1.574, 1.570, 1.570, 1.571 respectively. The value of m, n and b 0 for these lanthanides metals are 6, 7 and 2.3x 10 -64 erg cm 7 correspondingly. The second and third order elastic constants have been calculated for lanthanide metals using Eqs. (3a and 3b) and are presented in Table 1 .
The density ( ) and thermal conductivity (K) at room temperature has been taken from the literature [11, 13] . The value of specific heat per unit volume (C V ) and thermal energy density (E 0 ) have been evaluated using tables of physical constants and calculated Debye temperature. The angle dependent V D and thermal relaxation time have been evaluated with Eqs. (8) and (9), which are shown in Figs. (1,  2) . The quantities K and calculated acoustic coupling constants (D L & D S ) are presented in Table 2 . The calculated ultrasonic attenuation coefficient over frequency square for longitudinal {(A/f 2 ) L }and shear {(A/f 2 ) S } waves due p-p interaction under condition <<1 is presented in Table 2 . The evaluated Debye temperature and Debye average velocity for propagation of wave along unique axis of chosen crystals are visualized in Fig. (3) .
DISCUSSION
The elastic constants are important since they are related to hardness and are used for the determination of the ultrasonic velocity. The bulk moduli of chosen metals are evaluated using the second order elastic constants. It is obvious from Table 1 the present and reported theoretical/experimental bulk moduli [12, 13] . The experimental values of C 11 , C 12 , C 13 [14] . Although these second order elastic constants have deviation of 10-20%, but the order of the obtained SOEC is similar to experimental. In the experimental literature [14] , the reported values of SOEC are at angle 45 0 using acoustic wave velocities, in present investigation obtained results are of combined effect of all the angles. Hence applied theory for the evaluation of higher order elastic constants at room temperature is applicable for these metals. The SOEC are found to be increasing from metal Gd to Tm. Thus the thermal softening behaviors are obtained as we move from Tm to Gd. These metals have low bulk modulus and higher order elastic constants in comparison to other hexagonal structured material [7-10, 12, 15-17] . This reveals that large strain will develop for a given deforming force in these materials. A study of giant magnetostrictive effect of dysprosium and holmium indicates that for compensation of magnetic energy, large strain develops in these materials. Thus present analysis gives the satisfactory results with previous literature [18, 19] . The ultrasonic velocities are evaluated using elastic constants and density which in turn provides Debye average velocity in all chosen materials. The plot of V D (Fig. 1) for the propagation of wave at different angles with unique axis implies that these metals have slight variation in velocity for each direction of propagation and have maxima at =55°. The angle variation of V D is similar with other hexagonal structured materials [7, 9, 10, 12] . The combined effect of second order elastic constant and density causes the anomalous nature of angle dependent V D for the preferred metals.
It is reported that the magnetic behavior of Dy and Ho is simpler than other rare-earth heavy metals and have approximately same magnetic structure [14] . A similar conclusion can be drawn for Dy and Ho in present investigation. The V D is found approximately same for Dy and Ho; hence they have similar mechanical properties and can not be classified on the basis of Debye average velocity. Metals Gd and Tm have the lowest and the highest average sound velocity respectively. The higher order elastic constants and ultrasonic velocity of the chosen metals are comparable to the lave-phase compounds [12] .
It is depicted from Fig. (2) , the orders of relaxation time ( ) for these metals are also found in the order of pico second, which is the same as the other metals [20, 21] . The value of relaxation time is found highest and lowest for Ho and Dy respectively in accordance with their thermal conductivity. Thus the minimum time is required for re-establishment of equilibrium distribution of thermal phonon in dysprosium. The relaxation time for all the metals is achieved maximum and minimum at angles 0° and 55° respectively, which is just converse behavior of Debye average velocity. This converse behavior of relaxation time validates the Eq. (9).
The Debye temperature of a material is a suitable parameter to describe the phenomenon of solid-state physics that are associated with lattice vibrations. In the conventional Debye model, T D can be defined by Eq. (7). From Eq. (7), the T D is directly proportional to V D [22] . It is obvious from Fig. (3) that the nature of Debye temperature and Debye average velocity is located similar. This is confirmation of Debye temperature computation.
The acoustic coupling constant ( Table 2) for longitudinal wave is greater than that for shear wave as expected in literature [20, 21] . The acoustic coupling constants for the longitudinal wave of these metals are found approximately five times larger than third group nitride [9] . So the conversion of acoustic energy into thermal energy in the present materials may be predicted to be large. In the evaluation of ultrasonic attenuation, it is supposed that wave is propagating along the unique axis (<001> direction) of lanthanide metals. The ultrasonic attenuation for longitudinal wave (A/f 2 ) L is greater than that for shear wave (A/f 2 ) S . This reveals that attenuation due to p-p interaction for longitudinal wave is governing factor for Akhieser damping {(A/f
The ultrasonic attenuation due to p-p interaction is mainly affected by combined effect of acoustic coupling constant and thermal relaxation time. The total attenuation in Ho is greater than the others; hence its ductility will be least in comparison to other lanthanides. The ultrasonic attenuation due to Akhieser damping is received large in comparison to other hexagonal structured materials due to being their large acoustic coupling constant and low higher order elastic constant [9, 10] . These metals can be classified on the basis of the ultrasonic attenuation and thermal relaxation time because these physical quantities are quite predictable for them.
CONCLUSIONS
On the basis of above discussion, we conclude that: The elastic constant and ultrasonic velocity of these metals are received similar to lave-phase compound but are found smaller than third group nitrides. Low bulk modulus indicates that a stress may cause large strain in these metals. o
The order of thermal relaxation time for these metals is found in pico second, which justifies their hcp structure at 300K. The re-establishment time for the equilibrium distribution of thermal phonons will be minimum for the wave propagation along = 55° due to being smallest value of along this direction. o
The acoustic coupling constants of these metals for longitudinal wave are found five times larger than GaN /AlN /InN. Hence the conversion of acoustic energy into thermal energy will be large for these metals. o
The dominant mechanism for ultrasonic attenuation in these metals is phonon-phonon interaction. The thermal conductivity and acoustic coupling constant are the governing factors to the total attenuation. o
The mechanical and acoustic properties of these metals will not be better than the third group nitrides due to their low ultrasonic velocity, second order elastic constants and high ultrasonic attenuation.
The obtained results in this investigation can be used for further study of these metals. Our whole theoretical approach can be applied to the evaluation of ultrasonic attenuation and related parameters to study the microstructural properties of h.c.p metals
APPENDIX
When the strain (e J ) is applied to the crystal, it causes a change in the mode frequency ( I ) given by
where I0 is the frequency of the mode in the standard state. Long. here A = (C 11 -2C 44 -C 13 ) and C = (C 33 -2C 44 -C 13 ), L=C/(A+C), M=A/(A+C).
Grüneisen parameter, named after Eduard Grüneisen, describe the alteration in a crystal lattice's vibration frequency (phonon) based on the lattice increase or decrease in volume as a result of temperature change. The general expression of Grüneisen number under anisotropic Debye approximation has been derived by K. Brugger and is written as [24] : here superscript xy is the two index symbol for the strain e J . N p and N q are the direction cosine for the propagation direction, u x and u y are the direction cosine for the particle displacements, C xypq are the second order elastic constants in tensor notation, C xypqrs are the third order elastic moduli in tensor notation, C is the elastic modulus controlling wave propagation in the direction determined by N p and N q and by the particle motions u p and u s .
Solving the Brugger's expression of 
